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Introduction 
This paper is primarily concerned with topological spaces which possess 
an involution, that is, a periodic homeomorphism of the space which is 
its own inverse. Homology theory is used to obtain some geometrical 
results. 
In Section 1, the development of Smith homology theory in terms of 
singular cycles is sketched. Also, a theorem simplifying the evaluation 
of certain of the homology groups is given. In Section 2, exact sequences 
relating the Smith and the ordinary singular homology theories are 
given, and the Smith index defined in terms of singular theory. In Section 3, 
the Smith index of two classes of spaces is established, the first class 
containing all spaces whose first n reduced singular homology groups are 
zero, and the second class some of the Stiefel-manifolds, including the 
rotation groups on Euclidean spaces of dimension 21c. 
In Section 4, the results of the preceding section are used to obtain 
two groups of covering and mapping theorems, generalizing the Lusternik-
Schnirelmann Covering and Borsuk Mapping Theorems, among others, 
to the above two classes. 
In Section 5, the above results on Stiefel-manifolds are used to obtain 
a partial generalization of results of Kakutani-Yamabe-Yujobo and 
Yang on two frame-problems connected with mapping of spheres into 
Euclidean spaces. 
This paper being largely a resume of the author's thesis, he wishes to 
take this opportunity to express his appreciation to his thesis director, 
Prof. KY FAN of the University of Notre Dame. The paper was written 
while holding an ONR research associateship at Northwestern University. 
1. SINGULAR SMITH HoMOLOGY THEORY 
1.1. We shall be concerned with T-pairs (X, A; T), which consist of a 
topological space X, a subspace A of X, and a periodic homeomorphism 
T of X onto itself leaving A invariant. A T-map of one such pair into 
another will be a continuous function f of the one pair into the other 
which commutes with their respective periodic maps, i.e., f o T=T of. 
A T-space (X; T) will be a T-pair with A empty. 
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Smith homology theories have been given for such T-pairs in terms of 
Cech cycles [1, 2] and in terms of Mayer cycles [3]. We shall outline the 
development in terms of singular cycles, which afford more generality 
to certain of the results. More detail may be found in [4]. Reference is 
made to ElLENBERG-STEENROD [5] for terminology employed. 
1.2. The category. Our category shall consist of all T-pairs (X, A; T) 
of a common period p and all T-maps of such pairs. The "cartesian 
product" (X,A;T) X I shall be defined to be the (T xi)-pair (X xi, Ax I; 
T xI), where (T xI) (x, t) = (Tx, t). A "point" in our category shall be 
defined to be any discrete space of p points which T permutes cyclically. 
(It is due to the nature of these "points" that our category is not 
admissible). A "T-homotopy" shall be a homotopy which is also a 
(T x I)-map. A "T-excision" shall be an inclusion i: (X-V, A- V; T) C 
C(X,A;T), where T(V)=V and VCinterior of A. A "T-couple" shall 
be a T-pair together with the associated inclusion maps. 
1.3. The duality. Given the map T we may define the operators 
IJ=I -T and a=I +T + ... +TP-1 , where p is the period ofT and I is 
the identity operator, on the singular chain complex S(X)jS(A) of the 
pair (X, A). (We shall use the same symbol to denote a map, the operator 
it induces on the singular chain complex, and any operators induced 
by this one either by restriction or by taking of quotients). We note 
that /Ja = a/J =I-TP = 0. we shall let (! and e denote alternately /j and (J 
or a and /J. In what follows e might actually be any polynomial, but the 
utility lies in the above duality, as will be seen in the sequences of 
Section 2. 
1.4. The e-chain complex. Let () be the boundary operator of S(X)jS(A). 
From the fact that T commutes with o, it follows that e commutes with 
() and so e is a chain homeomorphism of S(X)jS(A) into itself. Let 
Se(X, A) denote the image of this chain homomorphism. Now any T-map 
f induces a chain homomorphism which commutes with (!, and so may 
be restricted to Se(X, A). It can be shown that the functor Se preserves 
points, T-homotopies and T-excisions, and that T-pairs give rise to 
direct couples. More detail may be found in [ 4]. 
1.5. e-homology. We may now compose se with the homology theory 
functor of any abelian group G to get the singular Smith or e-homology 
theory with coefficient group G. We shall denote the qth group of this 
theory by 
1.6. Evaluation. The actual computation of H6 or Ha for a given T-pair 
presents the same difficulty as the computation of the ordinary singular 
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theory. This difficulty may be circumvented in some cases for Ha by 
the following theorem. We shall let (X*, A*) denote the orbit pair of 
the T-pair (X, A; T), i.e., the quotient pair obtained by identifying a 
point and its images under T. We say that a T-pair is "primitive" if 
each point has under T as many distinct images as the period ofT, or 
else is fixed. 
Theorem 1.6. If (X, A; T) is a primitive, fixed-point-free, Hausdorff 
T-pair and (X*, A*) its orbit pair, then 
Ha(X, A; T) R::! H(X*, A*; G) 
for any coefficient group G, where H is the ordinary singular theory. 
Proof. Let {x1, ... , xp} be the orbit of a point x in X. Let {V1, ... , Vp} 
be a family of mutually disjoint open sets of X, where Xi is in vi. Let 
p 
Vi= n Ti-iVJ. 
i~l 
Then ffx= {V1, ... , Vp} is a T-invariant family of mutually disjoint 
neighborhoods of the points in the orbit of x. Let 
ff= U ffx. 
a: in X 
Then ff is a T-invariant family of open sets covering X. For such a 
family it may be shown that the chain complex sa(X, A; ff) generated 
by a-simplices lying in sets of ff is chain-equivalent to sa(X, A). 
Let ff* be the image family of the family ff under the projection of X 
to the orbit space X*. Let S(X*, A*; ff*) be the chain complex of ordinary 
singular chains in (X*, A*) restricted to lie in ff*. Then S(X*, A*; ff*) 
is of course chain equivalent to S(X*, A*), the chain complex of ordinary 
singular chains in (X*, A*). Now if we can establish a chain isomorphism 
of sa(X, A; ff) onto S(X*, A*; ff*), the result will follow immediately. 
Let Ll in S(X, A; ff) be a typical singular simplex. Then aLl is in 
Sa(X, A; ff) and these generate this group. Now let aLl correspond to 
the projection of Ll into X*. This correspondence is certainly one-to-one, 
and may be extended linearly to all of sa( X, A; ff). Now since any 
singular simplex in S(X*, A*; ff*) must lie in a set of ff* it may be 
lifted to a singular simplex in S(X, A; ff). Thus the above correspondence 
is onto S(X*, A*; ff), and since it commutes with the boundary operators, 
it is the desired chain isomorphism. 
2. THE DUAL SEQUENCES AND INDEX 
2.1. The dual sequences 
Lemma 2.1. If T is primitive of period p on (X, A) and F is the 
fixed-point set of X under T, then for e: S(X, A)® Zp ----'i>-S(X, A)® Zp, 
-kernel e=(S"ii(X, A)® Zp) ffi (S(F, An F)® Zp). 
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Proof. This is in complete analogy with Smith (1, pg. 356). 
Now consider the sequence: 
0----+ (Se(X, A)® Zp) 8:> (S(F, A n F)® Zp) _i__,.. 
S(X, A)® Zp --4 Se(X, A)® Zp----+ 0, 
where i may be regarded as an inclusion homomorphism. Then by the 
above lemma, this sequence is exact. 
Theorem 2.1. The sequence 
... +~ Hue(X, A; T; Zp)? Hu(X, A; Zp) ~ Hi(X, A; T; Zp) 8:> 
8:> Hu(F, An F; Zp) ~ ... 
where Ll is the boundary operator of the couple (i, e), is exact under the 
conditions of Lemma 2.1. 
Proof. Since Zp is a field, the couple of the above direct sequence is 
a direct couple, and then by (5, pg. 128, Thm. 2.7) the resulting homology 
sequence is exact. 
2.2. Definition of Smith index. In the remaining sections, we shall restrict 
ourselves for simplicity of notation to the case where T is a primitive 
fixed-point-free involution, i.e., map of period two. We shall use Zz 
exclusively for the group of coefficients. In such case, 
and we shall use the notation 
Then the exact sequence of Theorem 2.1 becomes 
. d . de+l 
... ? H~_ 1(X, A) +_g_ Hl(X, A)? Hq(X, A)? Hl(X, A)+-···· 
We may also define a homomorphism 
.Jo: Hoe(X, A)-+ Zz by 
.Jo =In o e-1, 
where In is the Kronecker index homomorphism of ordinary singular 
theory. That this is well defined follows from the fact that the kernel 
of e is contained in the kernel of In. Now define 
Ind: Hne(X, A)-+ Zz by 
Ind=.Jo o Ll1 o ... oLin. 
The value of this homomorphism for a particular class is called the index 
of that class. 
Definition 2.2. The index of the empty set shall be zero. The index 
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of a non-empty T-pair (X, A; T) shall be that highest integer n such that 
lnd (Hne(X, A)~ 0, if such exists. Otherwise it shall be infinite. 
The following lemma contains perhaps the most important property 
of the index. 
Lemma 2.2. Iff: (X, A; T)--+ (Y, B; T) is aT-map, and if cis in 
Hne(X, A; T), then 
Ind (f*(c)) =lnd (c), 
f* being the homology homomorphism induced by f. 
Proof. The lemma follows from the fact that f* as a homomorphism 
of the homology groups commutes with Ll, the boundary operator of the 
couple, and with(!, while it preserves the Kronecker index of a zero-cycle. 
From this lemma follows the important fact that if there exists a 
T-map 
f: (X, A; T)--+ (Y, B; T), 
then 
Ind (X, A; T).;;;;Ind (Y, B; T). 
It should be noted that in order to show that the index of a T-pair 
is greater than or equal to n, it will be sufficient to show that Lli, l < i .;;;;n, 
is onto, since a zero dimensional e-cycle consisting of a point and its 
T-image will always have index one. 
3. INDEX OF TWO CLASSES OF T-SPACES 
3.1. The class considered here includes homological n-spheres with a 
fixed-point-free involution. 
Lemma 3.1. Let X be a topological space with a fixed-point-free 
involution T, whose ordinary singular homology groups are 
Then 
Ho (X; Z2)=Z2 
Hi (X;Z2)=0, 
Ind (X; T):>n. 
l ,;;;;i,;;;;n-1. 
Proof. Since Ho is Z2, Hoe(X; T) must also be Z 2 by the exact 
sequence of Theorem 2.1. Then Ll 1 must be onto, and since Hi is zero 
for l < i < n -1, it follows that Lli is onto for 2 < i < n. Then by the remark 
at the end of paragraph 2.2, it follows that Ind (X; T) > n. 
In fact it may be noted that for n-spheres, the index is precisely n 
for the antipodal involution. 
3.2. The Stiefel manifolds. Let V2n,k denote the Stiefel manifold of 
orthonormal k-frames in R(2n), Euclidean space of dimension 2n. Then 
V2n,2n-1 may be identified in the usual way with S0(2n), the rotation 
group on R(2n). Now the involution on the unit sphere mapping a point x 
15 Series A 
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to its antipodal point -x induces an involution on V2n,k, namely that 
carrying a frame of points to the frame of antipodal points. This corre-
sponds for S0(2n) to multiplication by the matrix -I. By the device 
o~ projecting a k-frame to a (k-1)-frame by deleting the kth member 
of the frame, we have the sequence ofT-maps 
(S0(2n); T)= (V2n,2n-1; T) _,.. (V2n,2n-2; T) _,.. ... 
... _,.. (V2n,1;T)=(S(2n-1);T), 
the unit sphere in R(2n) with the ordinary antipodal involution. 
Now the orbit space of (S0(2n); T) is PS0(2n), the projective special 
orthogonal group, the quotient of S0(2n) by the subgroup {I, -I}. So 
the e-homology groups of S0(2n); T) are by Theorem 1.6 the ordinary 
singular homology groups of PS0(2n). 
Now the Poincare polynomial of PS0(2n) has been calculated by 
Borel (6, pg. 310), using Z2 as the group of coefficients, to be 
P(t)=(l+t) (l+t2) ... (I+ts-1)x(1+t+ ... +ts) (l+ts+1) ... (l+t2n-1), 
where s is the largest power of two dividing 2n. 
Furthermore, the Poincare polynomial of S0(2n) is given by BoREL 
[7, pg. 1628], with z2 as coefficients, as 
Q(t)=(1+t) (l+t2) ... (1+t2n-1). 
Now if we let Bte denote the coefficient of ti in P(t), which is the Betti 
number of Ht(PS0(2n); Z2) and so by Theorem 1.6 the Betti number of 
Hte(S0(2n); T), and if we let Bt be the coeffieient of ti in Q(t), which is 
the Betti number of Ht(S0(2n); Z2), then we have 
i 
Bl = L Bj, 0 < i < s-l. 
i~O 
The sequence of Theorem 2.1 then becomes, in terms of its Betti 
numbers, 
0 +--- Bo ~ Bo ~ Bo +~Bo+B1~B1~Bo+B1+-~Bo+B1 +B2+-g_ ... 
t~,_ 1 B B B e B i B B B .1, 
··· +--- o+ 1 + ··· + s-1 +-"--- s-1 +--- o+ 1 + ··· + s-1 +--'-- ···, 
and it is clear that each L1t, I< i < s- 1, must be an onto homomorphism. 
But Hoe(S0(2n); T) is Z2, so by the remark at the end of paragraph 2.2, 
we must have 
Ind (S0(2n); T) > s -l. 
By Lemma 3.1, we have Ind(S(2n-1);T)-;;,2n-1; in fact, since 
H2n-1(S2n-1; Z2)=Z2, the index is precisely 2n-l. Then since by 
Lemma 2.2, index is not lowered by a T-map, we have 
Lemma 3.2. If s is the largest power of two dividing 2n, then 
s-1 .;;;Ind (S0(2n); T) < ... .;;;Ind (V2n,k; T) < ... 
... .;;;Ind (S(2n-1), T)=2n-l. 
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It should be noted that for 80(6), the left inequality is actually an 
equality, while for 80(10) and 80(12), computation indicates this is 
again true. 
4. A CLASS OF COVERING AND MAPPING THEOREMS 
4.1. The class of theorems. The following class was first collected by 
YANG (2), who dealt with them in the compact case. 
Theorem 4.1. Let (X; T) be a T-space with T a fixed-point-free 
in,volution. Consider the following seven propositions. 
(a) The intersection of n + 1 closed sets F1, ... , F n+l is not empty if they 
and their T-images cover X, but no one of them contains a point and 
its T-image. 
(b) If n closed sets F1, ... , Fn together with their T-images cover X, then at 
least one of the sets contains a point and its T-image. 
(c) If X is covered by n+2 closed sets F1, ... , Fn+2.whose intersection is 
empty and no one of which contains a point and its T-image, then the 
intersection of any n+ 1 of these sets is not empty. 
(d) (Lusternik-Schnirelmann). If X is covered byn+ 1 closed set F~, ... , F n+b 
then at least one of these sets contains a point and its T-image. 
(e) There does not exist aT-map of (X,T) into (8(n-1);T), where the 
last T is the antipodal map on the sphere. 
(f) (Borsuk-Ulam). A map of X into R(n) must map some point and its 
T-image to a single point. 
(g) If f is a map of X into 8(n) such that for x in X, f(x) i=- f(Tx), then 
f is onto. 
Then the following implications hold: 
(a) =* 
~ 
(c) =* 
(b) 
~ 
(d) ==?-
(g) 
~ ~ 
(e) ~ (f) 
Furthermore, if X is normal, (e) implies (a) and they are all equivalent. 
Proof. We shall illustrate a few of the proofs and refer the reader 
to YANG [2] for the remainder. 
(a)=:.- (c) If F1, ... , Fn+2 cover X, and no one of of them contains 
a point and its T-image, then any n + 1 of these sets satisfy the conditions 
of (a) and so intersect. 
(c)=:.- (d) If F1, ... , Fn+l cover X, and no one contains a point and 
its T-image, then F~, ... , Fn+b T(F1) satisfy the condition of (c), since 
F1 n T(F1)=cp, and then any n+ 1 of them intersect, implying the 
contradictory statement that F1 n T(F1) i=- cp. 
(d)=:.- (e) Assume there exists f: (X, T)-+ (8(n-1), T). Then since 
8(n-1) may be covered by n+ 1 closed sets, no one of which contains 
a point and its antipode, the inverse image of this cover under f will 
-contradict (d). 
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4.2. Applications. By Lemma 2.2, the index of a cycle is not lowered 
by a T-map, and since Ind (S(n-1), T) is n-1 by Lemma 3.1, there 
cannot exist aT-map from aT-space of index n into (S(n-1), T). Thus 
we have 
Theorem 4.2. If (X, T), T a fixed-point-free involution is of index n, 
then (e), (f), and (g) all hold. Moreover, if X is a normal space, then (a) to 
(g) all hold. 
Some corollaries of this theorem are : 
Corollary 4.21. If X is a space with a fixed-point-free involution 
T on it, and 
Ho(X; Z2)=Z2 
Hi(X; Z2) = 0, 
then (e), (f) and (g) hold. If X is normal, then (a) to (g) all hold. 
Corollary 4.22. If X is a connected space, T an involution of X, 
and f a real-valued continuous function on X, then there exists a point 
x EX such that f(x) = f(Tx). 
Proof. If T has a fixed point, it is trivial. Otherwise, (X; T) is of 
index > 1, and then (e) (f) and (g) are true for n= l. 
Corollary 4.23. For ( V2p,k, T), the Stiefel manifold of orthonormal 
k-frames in R(2p) with the antipodal involution, (a) to (g) all hold, if n is 
read to be s- 1, where s is the largest power of two dividing 2p. 
This last result will find application in the n;~t section. The preceeding 
results seem to be of interest in themselves. 
5. SoME FRAME-PROBLEM RESULTS 
5.1. Two frame-problems. The results presented in this paper were 
obtained in the study of the following two problems, stated by YANG 
in [8]: 
Problem l. Given a map f: S(m+n-2) ~R(m) and n distinct points 
y1, ... , Yn of S(m+n-2), do there exist n points of S(m+n-2) congruent 
to Yb ... , Yn which are mapped to a single point by f ? 
Problem II. Given a map f: S(mn) ~ R(m), and n distinct diameters 
d1, ... , dn of S(mn), do there exist n diameters of S(mn) congruent to d1, ... , dn 
whose endpoints are mapped to a single point by f ? 
Many partial results, especially for orthogonal frames, have been 
obtained by different authors. In the next paragraph another such will 
be presented, of interest chiefly because it is valid for arbitrary frames. 
5.2. The frame results. We consider only odd functions, i.e. such that 
f( -x) =- f(x) in the vector sense. 
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Theorem 5.2. Given an odd map f: S(2p-1) --7-R(m) and an arbitrary 
n-frame x~, ... , Xn on S(2p-1), then if s-1 >mn-m, where cis the largest 
power of two dividing 2p, there exists a congruent n-frame y, ... , Yn such that 
Proof. We may restrict ourselves to the case where the given frame 
is independent, since the case of a dependent frame may be handled as 
a limit case of independent frames, the spaces involved being compact. 
Let V'2p,n be the space of all n-frames on S(2p-1) congruent under a 
rotation to the given (independ~nt) one. Then by the Gram-Schmidt 
orthogonalization process, ( V'2p,n; T), where T is the natural antipodal 
involution, is T-homeomorphic to ( V2p,n; T), and so has the same index, 
namely s-1, by Lemma 3.2. Let f be defined by the component functions 
(/1, ... , fm). For v in V', V= (y1, ... , Yn), let 
s =min max 
If and only if s = 0 will the v for which this minimum occurs be the desired 
congruent frame. 
So assume that s > 0, and define the following mn- m closed sets on V': 
Ft;={v in V'lfi(v;)<ft(V;+I)-s, 1.;;;i.;;;m, 1.;;:j.;;:n-1}. 
Now since f is an odd function, inequalities between values on a frame 
are reversed by T, and so we have 
Fi; ll T(Ft;)=f, smce s>O. 
Let v be in V'. Then by the definition of s, ft for some i must have a 
spread of values over the successive points of v greater than s, and then 
for some j either 
or 
ft(V;) <ft(V;+I)- e 
ft(V;) > ft(VJ+I)- e. 
In the first case v is in Fi; and in the second case v is in T(Fi;). So these 
mn-m sets together with their T-images cover V'. But then by Corollary 
4.23 (b), since Fii n T(Fi;) = f, we must have 
mn-m>lnd (V'2p,n; T)>s-1 
This contradicts our assumption about s- 1, and so s = 0 and the desired 
congruent frame exists, q.e.d. 
Now let us assume that for a given m and n, we have solved Problem I 
for odd functions. Then Problem II for odd functions is an immediate 
consequence. For let (x1, .•. , Xn-l) be the given frame in Problem II, 
f the given odd function, and for this function, apply Problem I to the 
n-frame (x1, ... , Xn-l, -x1). Then we may find a congruent n-frame 
(y1, ... , Yn-l, -y1) such that 
f(yl) = ··· = f(Yn-l) = f( -yl)· 
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But f is an odd function. So the values of f on (y1, ... , Yn-1) and their 
antipodes must be zero. Thus Problem I for odd functions implies 
Problem II for odd functions and we have: 
Corollary 5.21. Given an odd map f:S(2p-1} ----'rR(m) and an 
(n-1}-frame (x1, ... , Xn-1) on S(2p-1), then if s;;.mn-m, where sis the 
largest power of two dividing 2p, there exists a congruent (n-1)-frame 
(y, ... , Yn-1) such that 
j(y1) = · · · = f(Yn-1) = f(- Y1) = · · · = f(- Yn-1) 
With regard to the frame problems of Yang, these theorems are 
principally of interest in the case where 2p is actually a power of 2. 
The results may then be stated as: 
Corollary 5.22. Given an odd map f: S(mn-m) ----'r R(m), where 
mn-m+ 1 is a power of two, and ann-frame on S(mn-m), there exists a 
congruent n-frame whose points are mapped to the same value by f. 
Corollary 5.23. Given an odd map f: S(mn-m) -----)>- R(m}, where 
mn-m+ 1 is a power of two, and an (n-1) frame on S(mn-m}, there 
exists a congruent (n-1}-frame whose points together with their antipodes 
are mapped to the same point by f. 
Thus it may be seen that the second result is precisely that anticipated, 
while the first is considerably weaker, even though restricted to odd 
functions. However, since hitherto no results have been obtained in the 
first problem for m greater than one, except-for some special frames, 
it may be well that not so much is to be expected. It should be noted 
that as was mentioned, the stronger conjecture for Problem I would 
imply a stronger conjecture for Problem II, at least for odd functions. 
The results of course all agree with the conjectures for m =I. 
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